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Three-dimensional mapping of microscopic surface structures is important in many applications
of technology and research, including areas as diverse as microfluidics, MEMS and geoscience. How-
ever on the nanoscale, using established techniques for such imaging can be extremely challenging.
Scanning helium microscopy (SHeM) is a new technique that uses neutral helium atoms as a probe,
enabling completely non-destructive imaging. The technique is broadly applicable and ideal for many
otherwise difficult to image materials such as insulators, ultra-thin nano-coatings and biological sam-
ples. Here we present a method for implementation and operation of a stereo helium microscope,
by applying the photometric stereo method of surface reconstruction to helium microscopy. Four
detectors around the sample are typically required, but we show how sample rotation can be used
to perform stereo reconstruction with a single detector instrument, or to improve the quality of
the reconstructed surface by increasing the number of independent measurements. We examine
the quality of the reconstructed surface and show that for low aspect ratio good absolute height is
recovered. For features with height/width ∼ 1 the shape of the surface is still recovered well (8%
error) despite multiple scattering and masking of the helium beam by surface topography. Therefore
it is possible to perform accurate reconstruction of the shape of nanoscale structures with a height
to width ratio of at least unity.
I. INTRODUCTION
Accurate measurements of surface topography are es-
sential to many fields of modern research. However, ap-
plying established techniques on the micro- and nano-
scale is often difficult; for example, electron microscopy
is complicated by the local secondary electron emission
properties of surfaces [1] and scanning probe methods are
limited by the tip profile [2]. The emerging technique of
scanning helium microscopy (SHeM) [3–5], which uses a
beam of neutral atoms, provides a promising new oppor-
tunity. Thermal energy helium atoms have several advan-
tages as imaging probes; they are inert and their energies
are very low compared to other particle probes used for
imaging, such as electrons or helium ions. Specifically,
the energy of the atoms in a supersonic helium beam
is approximately 50meV, corresponding to a de Broglie
wavelength of around 0.05 nm [6]. These energies are be-
tween three and six orders of magnitude lower than the
energies typically used in electron and helium ion imag-
ing [7]. Furthermore, thermal helium atoms scatter from
the outermost electron density distribution of the surface
without any penetration into the material [6] and prop-
agate in straight-line trajectories that are unaffected by
electromagnetic fields. Thus helium atoms are capable of
providing information about the true geometrical struc-
ture of a surface [6, 8]. Together, these properties mean
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SHeM is ideal for probing the topography of samples that
are difficult to measure otherwise, either because conven-
tional probe-surface interactions limit the measurements,
or because the sample can react or deteriorate during the
process of imaging. In particular, helium is well suited
to imaging insulators and biological samples, as well as
ultra-thin coatings and other nano-materials that have a
significant three dimensional structure.
3D structure determination has recently been reported
using helium atoms [9] using the stereophotogrammetry
technique, which was applied to taxonomic studies of the
trichomes on a mouse eared cress leaf, and dorsal skin of a
Port Jackson shark. The method works by triangulation;
the sample was tilted by known angles and corresponding
points on the surface were used to obtain a small number
of 3D coordinates with a single-detector. The method is
thus similar to observation using an optical stereomicro-
scope with a single source of illumination. The points
used for triangulation were mapped manually between
subsequent images; the difficulty being that each point in
the image has to be carefully mapped to the correspond-
ing point in each rotated image, and more importantly
that several rotations about different axes are required
to obtain a good three-dimensional reconstruction [10].
An alternative approach to 3d imaging with atoms has
been made possible by the recent discovery that unlike
highly prepared ‘pristine’ atomic surfaces, which scat-
ter with an angular distribution containing strong specu-
lar and diffracted components [6, 8], many ‘unprepared’
technological surfaces scatter diffusely with an approxi-
mate cosine like distribution [11–14]. The cosine-like dis-
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tribution appears and is centred on the surface normal,
even when the sample is illuminated on a microscopic
level. On a macroscopic scale, when averaging over a sig-
nificant fraction of surface, such behaviour has long been
known as Knudsen’s cosine law [15–18]. However, identi-
fying similar behaviour on a microscopic scale means that
by sampling the scattered distribution in several different
directions, the local surface orientation can in-principle
be determined, and hence by integration the 3D surface
profile. An exact cosine distribution does not even need
to be assumed, providing sufficient independent angu-
lar measurements are obtained. In order to make use of
this principle, the second generation of SHeM instrument
that has been developed in Cambridge includes the capa-
bility to simultaneously acquire images from 4 detectors
arranged around the incoming helium micro-probe.
In this article, we present a three-dimensional surface
profile reconstruction technique which we refer to as ‘he-
liometric stereo’, an adaptation of the photometric stereo
method to helium microscopy. Photometric stereo uses
photographs of an object illuminated from different an-
gles to reconstruct a 3D image of the object, by using
differences in the light intensities due to the different an-
gles of illumination [19]. Heliometric stereo works analo-
gously, but, taking into account the differences of image
formation, instead of changing the illumination angles,
the observation angles are changed.
In photography or traditional light microscopy an ob-
ject is illuminated with a number of light sources. An im-
age of the object is produced by the light rays scattered
from the object going through a series of lenses, and then
being projected onto a light-sensitive detector/film with
spatial resolution. In helium microscopy, and other scan-
ning imaging techniques such as SEM, images are formed
by illuminating the sample point by point with a focused
or collimated beam and measuring the intensity collected
by one or several detectors. By rastering the sample un-
der the beam (equivalent to rastering the beam over the
sample), an image viewed from the incident beam is gen-
erated through Helmholtz reciprocity; the same process
that is used in scanning electron microscopes and in dual
photography [20]. Fig. 1 shows the method of image pro-
duction via scanning in comparison to image formation
with broad illumination. In principle, helium microscopy
could also use the same imaging principle as photogra-
phy. However, it is not possible with present technology
to build a helium detector with spatial resolution, though
suggestions have been made that it could be done with
field ionisation detection [21, 22].
The lateral resolution of SHeM images is determined
by the size of the helium micro-probe incident on the
sample, which in turn determines the minimum extent of
each pixel in the image. The image contrast is governed
by the angular size and position of the helium detectors,
which sample the distribution of atoms scattered from
the illuminated point on the surface. Practically, SHeM
images are always limited by shot-noise, due to the finite













Movement of the sample
results in the beam hitting
a different part of the sample
FIG. 1. (a) The process of image formation using a lens and
broad illumination and (b) the alternative method of produc-
ing images by scanning a focused probe follows from invert-
ing the direction of the light rays to give an image appearing
as if it were formed behind the focusing element, in (b) the
two beam positions would not happen simultaneously. Un-
derstanding the projection allows the right coordinate system
to be used for heliometric stereo.
the microprobe the flux drops strongly with increasing
resolution [23, 24]; consequently the smallest helium mi-
croprobe reported to date is 350 nm [4, 25, 26]. Fortu-
nately, higher intensities can be achieved by focussing the
beam with a Fresnel zone-plate; theoretical calculations
[24, 27] have estimated that the helium microprobe can
be reduced to a diameter of order 10nm.
In the design of a neutral helium microscope, it is
important to distinguish between the lateral resolution,
which is determined by the size of the helium beam and
gives the ability to distinguish between features spatially
separated on the sample, and the ‘angular resolution’
which is given by the solid angle covered by the detec-
tor opening. The smaller the solid angle, the more well
defined the angle of detection is. Hence the ‘angular res-
olution’ determines the possibility of accurately knowing
the intensity of scattered helium in a particular direction
but does not have an impact on the minimum feature size
observable. In order to achieve good angular resolution,
detectors are designed to cover as small a solid angle as
permitted by the signal to noise ratio of the instrument
[28].
In the current work we show that photometric stereo
applied to helium (heliometric stereo) is an ideal tech-
nique for 3D image reconstruction in helium microscopes,
because the point-by-point illumination of the sample al-
lows for a straightforward implementation of the recon-
struction process. Only a few images are required for
surface reconstruction, which is important as it typically
takes much longer to acquire images in a SHeM instru-
ment, compared to electron or He ion microscopy. Helio-
metric stereo requires detection at multiple angles, which
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can be simultaneously achieved in a microscope with mul-
tiple helium detectors, but we also show how sample ro-
tation can be used to obtain multiple independent inten-
sity measurements in a single detector instrument. We
discuss both normal and non-normal incidence helium
beams; the latter which when combined with rotation al-
lows reconstruction of otherwise inaccessible parts of the
sample surface. Finally, we show how the quality of the
reconstruction is affected by the presence of significant
multiple scattering or regions of the surface which do not
have direct line of sight to the helium source or detector.
The remainder of the paper is organised as follows.
Section II begins with an overview of the photometric
stereo method, which is then developed to establish helio-
metric stereo, and ends with an example 3D reconstruc-
tion. Then follows a discussion of possible extensions
and additional considerations (section III). Results are
presented on image reconstruction on two technological
relevant shapes: a sample with modest topology, which
is simulated with a microscope set up corresponding to
existing SHeM instrumentation, and a sample with high
aspect ratio. The former is used to examine the effects
of SNR and the number of detectors while the latter is
used to examine the role of multiple scattering and the
limits of the technique (section IV). The paper finishes
with a discussion of factors to consider when designing
a helium microscope for use with heliometric stereo and
an outlook for the technique (section V).
II. GENERAL METHOD: HELIOMETRIC
STEREO
A. The photometric stereo technique
The established technique of photometric stereo relies
on the assumption that a point on the surface of the im-
age will scatter light with a given angular distribution,
known as a bidirectional reflection distribution function
(BRDF), which gives the scattered intensity as a func-
tion of the incoming and outgoing angles [29]. If the
camera position is fixed, the intensities recorded in the
camera will depend only on the local surface orientation
and the scattering distribution; and for the same mate-
rial and surface condition, all points on the sample can
be assumed to have the same scattering distribution.
If the bidirectional scattering distribution function is
known, a series of images obtained by illuminating the
sample from a different directions can be used as inten-
sity maps to infer the local surface orientation, and thus
the local surface gradient. These gradients may then be
integrated over the surface to give a 3D height map of
the sample.
1. Obtaining the surface normals
Photometric stereo techniques generally assume Lam-
bertian scattering, a type of scattering that corresponds
to a surface which is a perfect diffuse light scatterer [19].
Lambertian scattering is also referred to as cosine scatter-
ing, as the light intensity values recorded at pixel (x′, y′)
in the camera image is
I(x′,y′) = ρ cos θ = ρ n̂ · d̂, (1)
as illustrated in in Fig. 2 (a) for scattering from position
(x, y) on the surface. In the current work we use (x, y)
to refer to a spatial position in a coordinate system we
are interested (could be arbitrary but usually that of the
sample with the z axis parallel to the overall sample nor-
mal) while (x′, y′) refers to a position in the image. Here,
θ is the angle between the surface normal and the inci-
dent light source, n̂ is the unit normal to the surface,
d̂ is a unit vector from the surface to the light source,
and ρ is the albedo or reflectance factor for that point
on the surface. For light the outgoing angle, χ, does not
appear in the intensity equation as the cosχ dependence
in the scattering is exactly compensated by the (cosχ)−1
dependence from the projection of the surface area into
the camera. Instead, the cosine term arises from the
projection of the light source onto a surface at angle θ;
the area of surface that the light hits is proportional to
(1/ cos θ)−1.
Where there are multiple light sources we can write
~I(x′,y′) = ρDn̂, (2)
in which ~I is a m-dimensional vector of pixel intensities
corresponding to m images taken from those different
light sources. D is a m×3 matrix containing the normal-
ized vectors connecting the light sources and the point
(x′, y′) for each image. As there are three degrees of free-
dom in the system there have to be at least three non
co-planar vectors in D for a unique solution to exist, cor-
responding to three distinct light sources. The surface
normals, n̂, and reflectances, ρ, can be obtained from
eq. (2) by solving the system of linear equations for each
pixel in the image,





If the height of the surface can be described by a function
of the lateral position, i.e. z = f(x, y), then
n̂(x, y) = ∇F (x, y, z) = ∇[z − f(x, y)]. (5)
Thus once the surface normals are found, the gradient
field given by eq. (5) may be integrated to obtain an
























FIG. 2. Correspondence between photometric stereo, (a), and
heliometric stereo, (b). n̂ is the local unit normal to the
surface, d̂i are the directions to the light sources or detectors.
In the case of photography multiple light sources are used to
generate images with different d̂ vectors, in the case of helium
microscopy multiple detectors are used with a single focused
illumination to give different d̂ by the reciprocity of focused
beam imaging.
2. Surface reconstruction from normals
The gradient field in eq. (5), can be integrated us-
ing established methods from the field of surface recon-
struction. Here, we use Harker and O’Leary’s MATLAB
toolbox [30]. For a more detailed explanation and math-
ematical proofs their work should be referred to [31, 32]
as only a brief outline is given below.
A least squares approach is used to find the matrix of
heights Z that upon derivation with respect to x and y
gives the least distance from the measured gradient field,
given by the normals n̂. The discrete derivatives of Z can
be written as LxZ and ZLTy . The matrices Ẑx and Ẑy rep-
resent the measured gradient field given by Ẑx = nx/nz,
Ẑy = ny/nz. Thus, the least squares minimization corre-








where ‖...‖F represents the appropriate norm. Expand-
ing and differentiating to minimize ε yields an equation
with a unique solution [31].
3. Image projection
A complication of the photometric stereo technique is
the way a physical object is projected onto an imaging
plane so that pixel indices can be related to physical co-
ordinates. In a camera (without the use of a telecentric
lens) a perspective projection is formed, meaning that
displacements on the image do not correspond directly
to physical distances: the physical distance between two
pixels changes across the image depending on the dis-
tance to the object and the focal length of the lens used.
Helium microscopes, however, are pixel-by-pixel imaging
instruments that necessarily produce images in an ortho-
graphic projection: the image is formed through the two-
dimensional rastering of the sample by fixed distances
between pixels. Thus there is a fixed correspondence be-
tween pixel locations in an image and physical locations
on the sample.
In either photography or helium microscopy the sample
is mapped onto a plane with a projection. In a photo-
graph the object is projected through the lens onto the
camera sensor, the axis of projection is then normal to
the camera. The projection axis corresponds to the z
axis in eqs. (1-5). Translating to helium microscopy the
z axis in the heliometric stereo method is parallel to the
beam and the points x′, y′ used in the method are defined
by the direction of the beam, and not necessarily in the
plane of the motion of the microscope’s nanopositioning
stages. The implications of the projection have to be
considered carefully when sample rotations are used to
acquire extra 3D information on the sample (see Section
III).
4. Applying photometric stereo to helium microscopy
We are in the fortunate situation that cosine dis-
tributed scattering can also be used to model the scatter-
ing of neutral helium atoms from many surfaces, where it
is known as Knudsen’s cosine law [18]. Although helium
scattering from highly prepared ‘pristine’ atomic surfaces
shows complex scattering distributions [6, 8], many ‘nor-
mal’, ‘unprepared’ or ‘technological’ surfaces studied to
date are consistent with an approximate cosine distri-
bution [15–18] and recent SHeM image modelling shows
excellent agreement with simulations that use a cosine
model of scattering [12–14]. Under Knudsen’s scattering
law, the photometric stereo method may therefore be ap-
plied to helium microscopy and in fact requires very little
modification. The scattering geometry is illustrated in
Fig. 2(b), where each point on the sample is assumed to
scatter with a cosine distribution about the local surface
normal n̂(x, y). (Deviations from a perfectly cosine dis-
tribution are mitigated by over-constraining the system,
as discussed below.)
Assuming cosine scattering of helium atoms from the
sample surface, the scattered intensity into an element of
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solid angle dΩ is
dI(x′,y′) ∝ cos θ dΩ, (7)
where θ is the angle between the detector and the sur-
face normal at the point (x, y). The intensity reaching a




cos θ dΩ, (8)
where ΩD is the solid angle of the detector entrance aper-
ture. In certain existing helium microscopes the detector
apertures occupy a significant fraction of solid angle, cov-
ering a wide range of detection angles [4] so the extent of
the solid angle needs to be considered. However, provid-
ing the aperture is not too large, as is usually the case [3],
since the cosine function varies slowly, the integral can be
approximated by ΩD cos θ. For an aperture occupying a
small circular region of the solid angle hemisphere (<∼ %
of the total hemisphere), with half-cone angle β and an-
gle from the surface to the center of the aperture of θ, it




π cos θ (1− cos 2β), (9)
which also has a cosine dependency with θ. Thus, where
detector apertures are small or occupy circular regions of
equal solid angle then the intensity detected in a helium
microscope can be written as
I(x′,y′) ∝ cos θ = ρ n̂ · d̂ (10)
which is the equivalent to eq. (1). The application of the
basic photometric stereo method in helium microscopes
follows with d̂ defined as the unit vector from the point
(x, y) to the detector.
If, due to the practical considerations of design, the
solid angles of the detector apertures are not all equal,
or if the detectors do not have the same efficiency the
modification of eq. (2) is
~I(x′,y′) = ρΩ̂Dn̂, (11)
where Ω̂ is a constant diagonal matrix containing the
solid angles and detection probability of the various de-
tectors and D and ρ have the same meaning as in eq.
(2). In practice the values in Ω̂ can be attained via a
calibration of the detectors prior to the acquisition of the
data, or by numerically solving the equation provided
that there exist enough independent observations.
B. Simulated helium images
We use simulated helium micrographs to test the helio-
metric stereo method. These micrographs are generated
by ray-tracing, with each ray representing a helium atom
[13, 14, 33]. The method assumes straight line trajecto-
ries of atoms within a 3D space consisting of the sample
and local environment within the microscope. The rays
are traced, scattering off the surfaces, until they either
intersect a detector surface or leave the simulation region,
with both directly scattered rays and multiply scattered
rays included. All images used in the current work are
generated using a cosine model of the scattering events.
In the first set up, we use instrument dimensions which
have already been realised experimentally, to demon-
strate what can be achieved with present technology.
We use a simulated beam-source and detector geome-
try comparable to the one used in the existing SHeM in
Cambridge [3]. As shown in Fig. 3, our set up assumes
a helium beam diverging from a circular virtual source,
corresponding to a the skimmer in the supersonic nozzle
expansion. The helium microprobe is then formed by col-
limation using a pinhole of 2 µm diameter [34]. The ‘vir-
tual source’ is assumed to be a uniformly emitting disc of
radius 50 µm at a distance 50 cm behind the pinhole (i.e.
rays are emitted from all elements of the surface and at
all angles with the same probability). The large distance
between the virtual source and pinhole, compared to the
distance between pinhole and sample (1 mm), means that
the beam has only a small divergence. Thus the spot size
of the beam is approximately 2µm, with a depth of field
of several millimetres.
To obtain simulated images, four detectors were placed
at 90◦ from each other and at 35◦ from the sample nor-
mal, with a normal incidence beam (z = z′), as shown
in Fig. 3. Given these source and detection geometries,
only the number of rays to use and the sample itself need
to be provided to complete the simulation set up. The
number of simulated rays were chosen to provide a real-
istic level of signal to noise (SNR) to recent experiments.
The data from Fig. 1 in Lambrick et. al [12] was used as
a representative experimental SHeM image. The dark-
est pixel in the image was assumed to be representative
of the background signal and was subtracted, then the
standard deviation and mean intensity from pixels on a
flat region of the sample were taken to be the noise and
the signal level respectively, giving an SNR of ∼ 30. All
simulated images used below have equal or lower signal
to noise ratios than that experimentally measured value.
C. Heliometric reconstruction
In order to test the heliometric stereo technique, we
use a test sample containing a series of technologically in-
spired geometric structures: an octagonal pyramid with
a depressed top, a rectangular pyramid, a cap of a sphere,
a series of increasingly deep pyramidal depressions and
a three-dimensional triangle. The feature sizes are all
in the 5-100 micron range and have low aspect ratios
(∼ 0.1 − 0.4), with detailed dimensions given in Fig. 18
of the appendix. These geometries were chosen for dif-


















FIG. 3. The simulation set up that was used to generate the
images of the test sample and the model of the source used.
Four detectors were placed on a plane equidistant around the
sample with an angle of 35◦ to the sample normal. The beam
rays are generated in the virtual pinhole with a divergent dis-
tribution assuming a circular uniform virtual source shown at
the top of the figure (skimmer), for the non-normal incidence
simulations the beam source was moved but the detectors
were kept the same locations.
sions tests of the quality of reconstruction with depth.
The octagonal pyramid with a depressed top tests how
the reconstruction handles complicated geometries with
a a further depression. The rectangular pyramid has dif-
ferent slopes and is aimed to test the reconstruction pre-
cision with angle. The spherical cap is intended to test
for the reconstruction of smooth geometries and contin-
uously changing surface gradients. Finally, the three-
dimensional triangle has vertical surfaces and tests re-
construction of geometries with abruptly varying heights.
Due to their regular forms, these samples resemble arti-
ficial structures and we note that the sharp edges would
make it very difficult to image them true to size using
secondary electron emission based techniques.
Fig. 4 illustrates the stages of producing synthetic he-
lium images from the known sample surface and using
them to reconstruct the surface. 1. The original sample
surface is input to the ray tracing simulations; 2. Four
images are generated from the four detectors: it can be
seen that the lightest areas in the images point towards
the respective detector while the dark areas point away.
3. The four images are then used to calculate the sur-
face normals, by solving equation 4, which represent the
gradient field of the surface. 4. Finally, the gradient
field is integrated to find a reconstructed surface. It can
be seen that there is a good qualitative match between
the original surface and the reconstructed surface in the
first and fourth panels. The quantitative accuracy of the
reconstruction is discussed in section IV.
1. Accuracy of reconstruction
Fig. 6 shows a normalised percentage error plot of the
basic reconstruction shown in Fig. 4, while figure 5 shows
selected line profiles of the original and reconstructed sur-
face. The error has been normalised by the height of the
tallest feature on the surface: the large pyramid struc-
ture on the bottom left. The overall RMS error was 2.4%,
however we note that there are sections of significantly
larger error within the plot. It should be noted that the
2.4% RMS error will be a combination of an intrinsic er-
ror to the method and errors resulting from the noisy
initial data (simulated images). Noise in the images will
result in noise in the gradient field, which will relate in
a non-trivial way to errors in the reconstruction. The
impact of SNR is discussed further in the next section.
Noticeable are the sharp edges on the central pyramid
and the deepest of the trenches on the top left side of
Fig. 4. Therefore we may say that reconstruction works
well with two identified caveats, the first being surfaces
that are parallel to the beam (vertical in the case of nor-
mal incidence) and hence do not get illuminated; and
second multiple scattering: the deepest trench causes a
significant amount of multiple scattering, which results
in a loss of the well defined relationship between signal
and surface orientation.
In the next section we consider how increasing the
number of detectors through the use of rotations, and
how varying the image SNR affects the accuracy of the
reconstruction.
III. EXTENSIONS AND FURTHER
CONSIDERATIONS
A. Non-cosine and multiple scattering
As discussed in Section IIA 4 cosine scattering is a
good first approximation for the scattering of helium
atoms from technological samples. However, this type
of scattering does not always fully explain experimen-
tal data. For example, the existence of non-topographic
forms of contrast where the scattering distribution is not
fixed across the sample breaking one of the assumptions
of heliometric stereo [28, 35] necessarily require devia-
tion from cosine scattering. Heliometric stereo can be
extended to more general forms of scattering by emu-
lating preexisting photometric stereo methodologies, for
example by using a parameterized scattering distribution
that is fitted to the data (see, for example, [36–38]). In
the current work, the albedo or reflectance factor is as-
sumed to be sufficient.
An additional contrast feature of helium atom mi-




1. Original sample surface
2. Multiple images taken with 
different detector directions
3. The surface orientations are found by 
solving a linear equation
4. Integration of the surface orientations 
results in a reconstructed surface
FIG. 4. Overview of the basic heliometric stereo method. 1. The original sample. 2. The sample is imaged using multiple
detectors placed in different directions to yield a series of helium images, in the example shown here, the set up shown in Fig.
3 was used to generate the simulated helium images. 3. Those helium images are used as the terms ~I in equation 4 to acquire
the surface normals. 4. Finally, as the normals to a surface are the gradient of that surface they may be integrated to give a
reconstructed surface. The accuracy of the reconstruction presented here is discussed in section IIC.
mean the situation when the helium atoms are ‘bounc-
ing’ from one distinct area on the sample to another
[12, 13, 26]. This can cause regions in images to appear
brighter, in particular where there is significant topog-
raphy in the form of deep or tall features (high aspect
ratios). In the present work it is assumed that over-
constraining the problem combined with the albedo fac-
tor can largely negate the issue of multiple scattering
for samples with modest topography. The implications
of multiple scattering are considered further in section
IVD.
B. Masked regions
A significant contrast feature of helium microscopy is
the presence of masking [13, 14, 26], where the direct
line of sight between the beam-sample intersection and
the detector is blocked by another part of the sample.
Qualitatively, masks can be thought of as similar to con-
ventional shadows (they are notably different in mecha-
nism however, shadows are a lack of illumination rather
than a lack of detection). As the line of sight is blocked,
the detected signal has no bearing on the normal of the
surface.
While 3D information is coded in the size and shape
of the masks, directly including masked areas in the re-
construction of the normals leads to substantial error.
Where the images contain significant masking the sim-
8
Octagon Pyramid Spherical cap













FIG. 5. Three lines profiles extracted from the reconstructions presented in figure 4. The location of the line profiles are shown
on the height map of the original surface on the far right. The high quality of the reconstruction in the case of the octagonal



















FIG. 6. The percentage error between the reconstructed sur-
face using the 4 detector geometry shown in Fig. 3 and the
original surface (surface plots of both are shown in Fig. 4).
The error has been normalised by the height of the tallest of
the large pyramid structure on the bottom left of the sample.
The RMS percentage error was 2.4% overall.
plest approach is to exclude the masked regions, however
care must be taken not to underconstrain parts of the
reconstruction. If only a small fraction of the image is
masked (∼ 1 − 5% of an image) it is possible that they
need not be excluded—the low intensity recorded in the
masks would render the normal to be perpendicular to
the detection direction, not a bad approximation where
the regions concerned are small.
In the current work, masking is addressed using an au-
tomatic threshold method: masked regions of images are
excluded from the reconstruction by choosing an inten-
sity level below which pixels are discarded. The upper
bound that the threshold can be is obtained by imposing
that for every point in the image the following system of
equations has at least three independent linear equations:
W~I(x′,y′) = WρΩ̂Dn. (12)
The masking threshold is chosen as a scalar smaller than
the threshold value that visually captures the masking
contributions, which can be seen in the intensity his-
togram of the images as peaks in small intensity values
(see Appendix D).
An alternative to the threshold approach, a weighting
strategy is possible in order to handle masked regions,
or regions with low signal to noise ratio. For example,
one can weight regions with lower intensities less so that
when a value of I(x′,y′) is fed into the linear least squares
minimisation algorithm used to solve eq. (11), that value
contributes less [39]. A straightforward way to achieve
a weighting would be to make the weighting of pixels
to monotonically increase with the intensity. Note that
in Poisson statistics the standard deviation of the count
rate is inversely proportional to its square root (higher
intensities mean that the quality of the signal is better
[40]).
C. Sample rotation
Helium microscopes generally have a poor signal to
noise ratio compared to modern photography which poses
a problem when reconstructing 3D surfaces, as the data
quality is lower than in the case of photography. For-
tunately, we can obtain more independent observations
of each point and improve the quality of the reconstruc-
tion by rotating the sample. The same ‘trick’ can also
be used to allow helium microscopes that do not possess
enough physical detectors to perform heliometric stereo.
If the rotation is performed about the beam axis, for ex-
ample azimuthal rotation of a sample with a normally
incident beam, there is a straight-forward mathematical
implementation of eq. (11) as the image plane, and hence
coordinate system are the same throughout all images. If
the sample is rotated about a different vector, the cor-
respondence between points on rotated images becomes













FIG. 7. Rotation in heliometric stereo. After collecting the
first image (right) the sample is rotated by 90◦ and two fur-
ther images are obtained (middle and left), these images may
be rotated to lie ontop of the original image if the reverse ro-
tations are applied to the detector vectors d̂2 and d̂2 as shown
in the right panel.
1. Rotation about the beam axis
As helium microscopy produces images in an ortho-
graphic projection, rotating the sample about the beam
axis mathematically corresponds to an inverse rotation
of the detector position (see Fig. 7). By rotating the
new images I so that each (x′, y′) coordinate in the im-
age corresponds to the (x′, y′) coordinates of the rest of
the images, the new data can be incorporated as an addi-
tional detector. Additionally, the corresponding vector ~d
has to be rotated in the opposite direction to the sample
by the same angle (see the equivalent detectors in Fig.
7).
Aligning two images of the same sample at different
rotation angles can be done through image recognition
software, or through a rotation of the scanning pattern.
Image recognition software sometimes requires human in-
put, which can lead to error in the reconstruction. Al-
ternatively, rotating the scanning pattern with the sam-
ple so that each pixel of the image always corresponds to
the same position on the sample produces images aligned
down to the accuracy of the positioning stage. The lat-
ter method is chosen in this paper to remove human error
from the results.
Applying rotations about the beam axis allows for i)
the implementation of heliometric stereo with a single
detector, and ii) a convenient method to obtain more
data and reduce reconstruction error.
2. Rotation about other axes
For rotation about an axis other than the beam axis,
the beam hits different regions of the sample at different
angles, so that there is no complete bijective correspon-
dence (no one-to-one correspondence) between the points
of two images (see Fig. 8). On one hand, this makes it
difficult to use sample rotation to get more independent
data points for eq. (4). On the other hand, rotations
about axes other than the beam axis allows to image
parts of the sample that otherwise would never intersect












FIG. 8. Sketch of the lack of bijective correspondence be-
tween helium microscopy images in the case of rotation not
about the beam axis. Regions of the sample that are shad-
owed can be imaged if we rotate about an axis other than the
beam axis. The primed coordinates are the heliometric stereo
coordinates with the z′ axis parallel to the beam while the
unprimed coordinates are those of the sample with z parallel
to the overall sample normal.
The fact that shadowing prevents the beam from in-
tersecting all sample points in every rotated image is not
an impediment to recovering the 3D surface of a sample
from a set of images taken at different rotation angles.
To do so, several different sample surface reconstructions
can be combined into a single surface after the applica-
tion of heliometric stereo. Such an approach contrasts
with rotating the sample about the beam axis, in which
eq. (7) is over-determined.
IV. DETAILED RESULTS
A. Rotation to give more detectors
As discussed in section III C 1, rotations about the
beam axis can provide a greater number of effective de-
tectors beyond the number of physical detectors. A sim-
ulation was performed with the same detector set up as
described in Fig. 3, but with the sample rotated about
the beam axis in intervals of 72◦ to give a total of 5 sets
of 4 images. Reconstructions were then performed using
different levels of signal to noise and different numbers of
rotations (and hence effective detectors).
Fig. 9 gives the root mean square error for different
combinations of detectors and rotations for three differ-
ent levels of signal to noise. It is noted that a similar
improvement to the reconstruction is obtained both with
an improvement of a factor of 2 in SNR or with an in-
crease of the number of images by a factor 4. Since the
noise in neutral helium microscopy is dominated by shot
noise [41], both improvements require the same increase
in acquisition time. There also seems to be a minimum
level of error which is not improved by adding more in-





5 10 15 20



























FIG. 9. The root mean squared error (RMS) for the recon-
structed surfaces as a function of the number of effective de-
tectors for three different levels of signal to noise ratio (SNR)
in the simulated images. The error bars represent the stan-
dard deviation of the errors for the reconstructions: using
different combinations of the rotations. The RMS error tends
towards a lower limit of ∼ 2%. The limit on the overall RMS
error is due to elements of the sample that heliometric stereo
cannot recover well with the cosine model, i.e. the sharp walls
on the side of the central feature and the deepest trench on the
top left feature (in the error map in Fig. 4). It can be noted
that improvements in SNR ratio have a similar impact as in-
creasing the number of detectors by an equivalent amount:
SNR improvement by a factor of 2 (and thus measuring time
by ∼ 4) has a similar impact as increasing the number of
detectors by 4.
method near vertical surfaces (such as around the central
feature) or deep features that have a higher proportion of
multiple scattering (such as the top left feature on the er-
ror map in Fig. 4). Reducing the number of detectors to
3 can result in good reconstructions, but can also cause
the reconstruction to fail (if detectors 1, 2, & 3 are taken
from Fig. 4 for example), demonstrating the importance
of slightly overconstraining the problem to get reliable
results.
B. Using a single detector
As discussed above heliometric stereo can also be ap-
plied to a microscope with only a single detector provided
rotations about the beam axis can be performed. It must
be note the all areas of a surface need to be covered by
at least 3 and preferably 4 images and that due to the
use of matrix-based techniques to reconstruct the sur-
face from the gradient field rectangular images need to
be used. This can be addressed either by i) padding the
images with the downside of some parts of the sample
being unconstrained, or ii) using a special scanning pat-
tern rotated counter to the sample rotation. The latter
approach is taken here.
Single-detector heliometric stereo was successfully
tested using the images obtained by rotating the sample









FIG. 10. For non-normal incidence the initial reconstruc-
tion is tilted due to the sample being ‘viewed from an angle’
(top) but may be rotated (middle) and then compared to the
original surface. The root mean squared error (bottom) was
16.7%, the higher calculated error compared to the normal
incidence case is due to a slight overall tilt, ∼ 0.4◦ left on the
sample after rotation which can be seen in the error image on
the left. Correcting for the ∼ 0.4◦ overall tilt by rotating the
surface yeilds an overall RMS error of 3.4%, slightly greater
but comparable to the error found in the normal incidence
case.
reconstruction from 5 images with only a single detector.
The images used for the reconstruction and the recon-
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structed surface are shown in Fig. 20 in the appendix.
The method of rotating the scanning pattern along with
the sample can be seen in the simulated helium images
there. The possibility of implementing heliometric stereo
using a single detector is important because the current
generation of helium microscopes operate in this config-
uration.
C. Non-normal incidence
As described in Section II, it is possible to reconstruct
the height of a sample using a beam that is incident the
sample at an angle. In general, the incidence direction of
the beam defines the z axis of the reconstruction method,
and thus the scanning pattern used by the sample manip-
ulation in the microscope should take this into account.
Once the surface is reconstructed it will appear tilted,
as the helium images are taken ‘from an angle’. The
surface can then be rotated to match the original sample.
To demonstrate the process, heliometric stereo has been
applied to simulated images with an incidence angle of
30◦ and the results are shown in Fig. 10.
Non-normal incidence can be combined with sample
rotation as described in Section III C 2: multiple recon-
structions are combined rather than using the additional
images to over-constrain a single reconstruction. An ad-
vantage of using rotations in this manner is that parts of
the sample that are not illuminated in one sample ori-
entation are illuminated in another. Fig. 11 compares
the errors in the reconstructed surface for i) non-normal
incidence and rotations with ii) a single non-normal inci-
dence data-set and iii) a normal incidence data set. The
reconstruction from a set of 4 images with a single sam-
ple orientation manages to capture a vertical surface in
the central feature on the sample better than the normal
incidence reconstructions (due to the surface not being
parallel to the beam in the non-normal case).
However as can be seen in the averaged image simply
averaging the 5 sets of data does not produce a better re-
construction than the normal incidence case (effectively
adding more detectors), thus a more complex averag-
ing mechanism is needed. A form of weighted averag-
ing could be employed, however it will not be simple to
identify which reconstructions to give a high/low weight.
D. The impact of aspect ratio on reconstruction
The test sample considered in the previous section
demonstrates the ability of the method to reconstruct
surfaces with relatively low aspect ratios where there is
little masking or multiple scattering. In order to under-
stand how the method works with higher aspect ratios
and where masking and multiple scattering start to af-
fect the reconstruction accuracy, a simple sample was
designed with 4 rods whose height and slope were varied.























FIG. 11. The errors in the reconstructed surface for: nor-
mal incidence and rotations (left), a non-normal incidence set
of images without rotations (middle), and non-normal inci-
dence with rotations (right). Note that the single orientation
non-normal incidence reconstruction captures well one verti-
cal surface and the other very poorly, the high error region
being 1-2 pixel rather than 3 pixels wide—the beam inter-
sected the right-hand side of the sample here. However, when
all the different orientations are averaged in a simple manner
the reconstruction loses the sharp verticals: non-normal in-
cidence rotations do give us more accurate information, but
simple averaging does not fully make use of them.
The aspect ratio was quantified as the height over half
the separation between the centres of two rods. For the
simulated images used in this section the same virtual
microscope set up was used as presented in Fig. 3.
Fig. 13 shows how the accuracy of the reconstructed
height of the rods, measured as the difference between
the height in the circular regions on the top and the four
corners of the reconstruction, varies with the aspect ra-
tio. To evaluate what proportion of the error was being
introduced as a result of multiple scattering, reconstruc-
tions were also performed with only the single scattering
contribution of the images as a comparison. Presented
are the height accuracy both with and without multiple
scattering and with and without applying thresholding.
We note that the error introduced by multiple scatter-
ing is present at all but the smallest aspect ratios, red
points, but remains less than 20% for aspect ratios less
than 0.5. Using only single scattering, blue points, the
reconstruction keeps a high accuracy until masking be-
comes a significant feature in the images. The application
of thresholding does not appear to increase the accuracy
of the reconstructed height, green points, though there is
an effect on the shape as discussed in the next paragraph;
however thresholding does improve the accuracy at high
aspect ratios for the reconstruction where multiple scat-
tering is excluded, purple points. It is notable that even
where the multiple scattering is significant and is causing
a quantitative error in the reconstructed the qualitative
shape of the reconstructed surface is still recovered well,
as can be seen in Fig. 12, which is for ‘rods’ of aspect
ratio 0.6.
Observing Fig. 12 we note that while under conditions
where the height is not reconstructed to a high accuracy,
it does appear that the shape of the surface is still recon-
structed well. In order to quantify the accuracy of the
shape reconstruction we allow the reconstructed surface
heights to vary: z2 = αz+β and perform a least squares
minimisation to find α, β that fit the original surface best.
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FIG. 12. The original surface with and aspect ratio of 0.6
and the reconstruction with the microscope set-up shown in
Fig. 3. It can be seen that there is a good qualitative recon-
struction despite the height only being reconstructed as 75%
of the original height. The other samples used in the aspect
ratio investigation have same footprint and cone top but with



























FIG. 13. Accuracy of the reconstructed height with respect
to the aspect ratio of the sample. 100% represents the origi-
nal height. Reconstructions were performed with and without
multiple scattering (red and light blue), and with the thresh-
olding method for removing masking introduced in Sec. III B
(green for multiple scattering and the threshold method and
purple for single scattering). The error bars represent the



























FIG. 14. RMS error between the original surface and the
scaled reconstruction normalised relative to the height of the
original sample. To consider the accuracy of the method in
reconstructing the shape of the surface, the reconstructed sur-
face is allowed to scale linearly to best fit the original surface.
It can be seen that the errors remain below 10% for aspect
ratios below 1 and below 5% for aspect ratio < 0.7. It can also
be seen quantitatively that the application of thresholding to
remove masked regions of the sample improves the accuracy
of the shape reconstruction.
The RMS error is then calculated for the scaled surface
and normalised by the height of the cone structure. The
results are shown in Fig. 14, where we note that the
overall accuracy in the shape of the reconstruction re-
mains better than 10% for all the samples below aspect
ratio 1 and that for aspect ratios < 0.7 the RMS error is
less than 5%. Overall there is good reproduction of the
shape of the surface for low to modest aspect ratios in
the sample. It is also shown that the application of the
thresholding method discussed in section III B improves
the accuracy of the shape reconstruction where there is
masking present. An example showing where the thresh-
olding method improves the shape of the reconstructed
surface is in Fig. 15 with the aspect ratio 0.8 sample.
Here, without thresholding, masking distorts the foot-
print of the cone, but removing that masking from the
reconstruction restores the footprint accurately.
E. The near future: high resolution, high aspect
ratio features
The 3D imaging of samples with high aspect ratio fea-
tures on the nanoscale presents a significant challenge to
current technology. We note from the results in the pre-
vious section that good shape reproduction is found with
the aspect ratio 1 sample, to about 8% error. Its height
is reconstructed as 66% of the original height. Thus high
aspect ratio features are reconstructed well qualitatively
with the current formalism. However, multiple scatter-
ing limits the quantitative accuracy of the height, which
represents the main obstacle to the application of the


















FIG. 15. The reconstructed surfaces with and without thresh-
olding applied for the aspect ratio 0.8 sample. It can be seen
that the circular footprint of the cone is distorted where the
thresholding is not applied and thus masked regions are in-
cluded in the reconstruction. By removing the masked re-
gions, the circular footprint is restored (see black circle).
Due to the scale independent nature of the ray tracing
simulation we may consider the interesting possibility of
applying heliometric stereo to a helium microscope with
the estimated best possible resolution of 10 nm [27]. At
such resolutions reconstruction of samples with heights
of ∼ 100 nm should be possible. A simulation was per-
formed with the appropriate scale between beam width
and rod height, it was chosen to change from the sample
normal to the detectors from 35.3◦, as in Fig. 3, to an
angle of 19.5◦ in order to reduce any masking from the
simulated images. A shape error of 7% was found and a
height 60% of the original height was reconstructed. It is
noted that the change of detector positions to minimise
masking has slightly improved the shape reconstruction
but made the absolute height error worse due to an in-
creased detection of the multiple scattering signal.
V. DISCUSSION
A. Design recommendations
There are certain design principles that that should
be considered when designing a neutral helium micro-
scope that is intended to perform heliometric stereo re-
construction. These considerations are given below and
while some of them are necessary for the application of
heliometric stereo to be possible, it should be noted that
some may also be counter to other scientific or practical
considerations.
First, in order to perform heliometric stereo without
rotating the sample then at least 4 not co-planar detec-
tors are needed. If 4 physical detectors are not possible
then the ability to rotate the sample about the beam axis
is required, which is likely to be easier with a normal in-
cidence microscope, and in that case at least 2 detectors
are recommended so that only one rotation is needed per
reconstruction. More than 4 detectors may have benefits
for difficult samples by allowing more aggressive thresh-
olding and may allow the application of more advanced
adaptations to heliometric stereo, but they are not nec-
essary.
If at least 4 detectors are present then a non-normal
incidence microscope would be more flexible as it allows
the sample to be imaged from different directions, giv-
ing more 3D information. It would also allow detection
on the specular condition that may be desirable in other
helium scattering experiments. The detectors should, as
close as possible, occupy circular regions of solid angle to
maintain the cosine assumption, and the solid angle of the
detectors should be kept modest, as far as the signal level
allows, in order to reduce the possibility of ‘partial mask-
ing’ where only part of the detector is within line of sight
of the sample. In order to keep the amount of masking
modest we suggest that detectors should be placed not-
too-far from the incidence direction to keep the amount
of masking modest: we suggest no greater than 30− 40◦.
All the above requirements are already met by the 2nd
generation SHeM being developed in Cambridge.
An alternative, potentially ideal, design of a helium
microscope may involve detectors that can be rotated
around the sample instead of fixed detector positions.
Such a configuration would have a high degree of flexi-
bility for both heliometric stereo and other experiments.
However, such an instrument would be a major technical
challenge that so far has not been demonstrated experi-
mentally.
For a single detector microscope to perform reconstruc-
tions it is necessary to include the ability to rotate the
sample about the beam axis to obtain a vector of inten-
sities ~I (see Fig. 20), which must be the key consid-
eration if designing a microscope for heliometric stereo
without multiple detectors. In practice enabling such ro-
tations will likely mean designing a machine for normal
incidence or one that can be adapted to operate at nor-
mal incidence.
B. Constraints
There are two notable constraints on the application
of heliometric stereo. The most important, which ap-
plies to all scanning helium microscopes, is the difficulty
in obtaining an adequate SNR in the underlying mea-
surements, given the incident helium intensity and the
limited efficiency of neutral helium detectors. The finite
SNR, together with the effect of multiple scattering, de-
grades the quality of the images and therefore the quality
the subsequent 3D reconstruction. However, a high level
of robustness to noise has been demonstrated in section
IV B; specifically, reconstruction is successful with SNR
levels well below those in recently published SHeM im-
ages. In addition, by rotating the sample to acquire a
greater number of virtual detectors, the effective SNR
can be further improved, albeit at the expense of longer
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measurement durations.
A less fundamental limitation on the presented method
is the reliance on the diffuse scattering assumption. Al-
though diffuse scattering is the predominant mode for
neutral helium atoms scattering from technological sam-
ples, other scattering distributions are also to be ex-
pected, although such deviations are likely to be highly
sample specific, making general comments difficult. How-
ever, it is possible to distinguish between cases where the
scattering distribution remains constant across the sam-
ple, and where it varies with position. If the scattering
distribution is expected to be constant but not diffuse,
Eqs (1), (2) and their dependencies must be re-written
as it cannot be generally expressed as a matrix multi-
plication. Assuming a known distribution or distribu-
tion family, one can still numerically solve for n̂ and the
distribution parameters using well-established methods
[36–38]. If the distribution family (its parametric ex-
pression) is not known, a non-parametric solver can be
used, provided that there is enough experimental data
[42]. Note that here the problem is to first find the func-
tion f so that I = f(n̂, d̂) where d̂ is known point-by-
point and I is measured and then invert it. If the para-
metric distribution varies across the sample, the problem
is still solvable but doing so is significantly harder as the
regions must be established in which there is a distri-
bution shift. Fortunately, such problems have already
been addressed in light scattering using the technique of
orientation-consistency, which requires the measurement
of sections with known orientations and similar scatter-
ing distributions [36]. Similar techniques could be po-
tentially implemented for helium, especially in the case
of samples with known ordered regions or structures.
C. Outlook
We note that diffraction at the detector opening (i.e.
airy disk diffraction for a circular entrance aperture) will
not influence the lateral resolution of the microscope.
This is because the wavelength of the helium atoms
for all practical purposes will always be less than 0.1
nm (the wavelength of a liquid nitrogen cooled beam).
Thus, the beam spread introduced through diffraction
at the detector opening is negligible even for nm lateral
resolution[4, 25, 26]
Masking and multiple scattering were highlighted as is-
sues with heliometric stereo, however, it has been shown
that where they are only present in small parts of a set
of helium images the overall reconstruction is still good.
The thresholding method has been shown to improve the
reconstruction results by removing masked regions of the
sample from the reconstruction where there is sufficient
constraint of the linear problem. Cases of large amounts
of masking and significant regions of multiple scattering
will occur where higher aspect ratios are present in the
sample and new methods will need to be applied to ac-
quire accurate reconstructions. Given the ability of the
ray tracing framework to model multiple scattering an it-
erative approach may be suggested as a route of further
work where the initial reconstruction is simulated with
ray tracing and the multiple scattering signal then re-
moved from the original images. It may also be possible
to combine heliometric stereo with triangulation-based
photogrammetry where accurate heights of high aspect
ratio features are needed.
We note that adaptations of photometric stereo
could be also potentially be applied to stereo elec-
tron or stereo helium ion microscopes and that a con-
siderable amount of work has already been done on
stereo electron microscopy using techniques based around
photogrammetry[43]. However, the challenge for the ap-
plication of photometric stereo here is that for images
generated by secondary electron imaging, the signal is
strongly dependent on the geometry of the system - i.e.
the signal is much stronger at edges, etc, - and, in gen-
eral, there isn’t a well defined angular selection of the
detection. This makes true to size surface mapping dif-
ficult [1]. Some work has been done also on 3D helium
ion microscopy imaging [44]. The problem with the sec-
ondary electron signal is similar here. For both stereo
scanning electron microscopy and stereo helium ion mi-
croscopy the work done so far has relied on very many
images being available for reconstructing the sample. In
cases where beam damage is induced on the sample, the
method presented here may be of particular interest.
VI. CONCLUSION
We present an adaptation of photometric stereo to neu-
tral helium microscopy: heliometric stereo. The method
takes advantage of the dependency of the scattered inten-
sity of a helium beam on the local normals of the sample.
Through ray-tracing simulations of a comparable helium
microscope with a spot size of 2 micron, we show that
the heliometric stereo method is able to resolve the three-
dimensional surface of microscopic samples by using just
a few images. The reconstructed surface displayed a root
mean squared error of roughly 2% of the characteristic
length scale of the sample with a signal to noise ratio of
just 30 in the images used. We find good shape recon-
struction with samples with aspect ratio up to 0.6, with
the shape being recovered with less than 5% error. Up
to aspect ratio 1.2 with the error is less than 10%. The
success at recovering the shape of the sample, even at
high aspect ratios, raises the possibility of accurate high
resolution and high aspect ratio 3D reconstructions in
the near future.
The only condition for the implementation of heliomet-
ric stereo is that sufficient images of the sample are ob-
tained to resolve the equations of the normals. For simple
geometries this can be done with just three images, that
can be obtained in a single experiment in a multi-detector
helium microscope, or by rotating the sample three times.
The easiness of implementation means that existing he-
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lium microscope configurations can be adapted, for ex-
ample by rotating the sample holders so that the helium
beam is normally incident.
Heliometric stereo is a convenient method for three-
dimensional resolution of helium microscopy samples, as
the slow acquisition times of helium microscopes and the
difficulty of manual point selection and tracing make
other methods, like triangulation-based photogramme-
try, more cumbersome to implement.
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Appendix A: Integration of aperture
In the simple model of diffuse contrast the detected
signal, I, is a function of the angle between the surface
normal and the centre of the detector aperture, ψ, and
the half cone angle of the aperture, β. An integral is
performed over the aperture modified by a cosine term,
cosχ, where the angle χ is the angle between the sur-
face normal and a single point on the aperture. Fig. 16





Defining θ to be the angle to the axis from the surface
point to the centre of the detector aperture and ϕ to
be the azimuthal angle around that axis the integral be-
comes






dθ sin θ cosχ. (A2)
The cosine term, cosχ, may be written as the dot prod-
uct between the unit normal to the surface and the nor-
malised vector from the surface to the infinitesimal point
on the aperture being summed. Defining ϕ to be relative





which is fixed as ψ is a constant. the normalised vector
from the surface to a point on the aperture, d̂ can be
found by considering a Cartesian coordinate system on
the model. The aperture lies on the unit sphere directly
above the surface along the z axis by a distance cosβ.
Referring to Fig. 17 points on the plane of the aper-
ture have positions given by the 2D polar coordinates of
(r = z tan θ, ϕ), thus the components of the vector are
x = z tan θ cosϕ, y = z tan θ sinϕ. Thus the normalised
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 . (A5)
and the dot product is then












FIG. 16. The geometric set up of the contrast model. A cir-
cular aperture is on a unit sphere with an element of surface
in the centre. The element of surface is at some angle ψ to the
centre of the aperture and the extent of the aperture is de-
fined by its half cone angle β. To calculate the signal intensity
for a particular (ψ, β) half of the aperture is integrated over
(by symmetry the intensity from the other half will be equal)
through the angles (θ, ϕ). The integration variables and ge-
ometry are shown in red, and the variables of signal are shown
in blue. The angle χ, in yellow, is between the normal to the
surface element and the line from the surface element to the
integration point, cosχ weights the integral according to the
cosine model of diffuse scattering.
which allows the signal, from eq. (A2), to be written as






dθ sin θ cos θ (sinψ tan θ cosϕ
+ cosψ). (A7)
1. Analytic form
The integral in eq. (A7) can be evaluated analytically
to give an explicit expression for the signal:










sin θ cos θ dθ (A8)









π cosψ (1− cos 2β) . (A10)
The above holds, however, only for a limited range of the




1 z = cosβ
r = z tan θ
β
y = r sinϕ
x = r cosϕ
FIG. 17. The geometry deriving the vector to the infinitesi-
mal point on the aperture via a Cartesian system. The three
components of the vector from the surface element to an in-
tegration point on the detector aperture are shown in blue, x
and y in terms of the intermediate variable r. As in Fig. 16
the integration variables are shown in red. Due to the sym-
metry of the system in the y axis the values of −y and y are
equivalent.
of the surface gets larger part of the aperture is going to
fall ‘behind’ the surface, thus would contribution 0 to the
integral. Eq. (A10) may thus be applied when
ψ + β ≤ π
2
. (A11)
When eq. (A11) does not hold the cosine approximation
of macroscopic apertures does not hold. Where detector
apertures are small (small β this can largely be ignored.
Appendix B: Least squares reconstruction
The appropriate norm used in the least squares Recon-





Appendix C: Sample dimensions
Fig. 18 details all the relevant sample dimensions. The
dimensions have been rounded to the third decimal. A
full reconstruction and source code with the complete
























FIG. 18. Sample dimensions in µm. Note how the sphere
protruding from the sample is only one third of a sphere of
diameter 100 µm and therefore the measure shown is just
its projection over the sample plane. The heights of each
structure are: 16 µm for the sphere, 16 µm for the top right
structure, -5 µm ,-4 µm, -5 µm, -8 µm from left to right for the
four depressed structures at the bottom right of the sample,
15 µm for the pentagon at the bottom left and 10 µm for the
central structure. Complete dimensions and code to generate





















FIG. 19. Selection of uninformative masked regions by using
the histogram of helium microscopy images.
Appendix D: Histogram-based threshold method
In order to select a masking threshold, a scalar is cho-
sen so that it visually captures all masking contributions,
while still ensuring that the reconstruction is fully deter-
mined at all points. These contributions can be seen in
the intensity histogram of the images as peaks in small





FIG. 20. 5 images taken with a single detector while rotating
the sample—note the masks face in the same direction across
the images indicating the detector direction. The scanning
pattern was rotated along with the images to minimise under-
constrained parts of the sample (parts that have fewer than
3 data points), thus the same region of the sample is imaged
in each case.
Appendix E: One detector reconstruction
Figure 20 shows 5 images taken with a single fixed posi-
tion detector while rotating the sample and the scanning
pattern. Note the masks maintain their orientation while
the sample topography rotates. The scanning pattern is
modified such that the same area of sample is observed
in each image.
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